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Abstract
We provide the covariant superspace equations that are sufficient to determine the complete
θ expansion of the vertex operator of the open string massive states with (mass)2 = 1/α′ in
pure spinor formalism of superstring theory. These equations get rid of the redundant degrees
of freedom in superfields and are consistent with the BRST conditions derived in [1]. Further,
we give the explicit θ expansion of the superfields appearing in the unintegrated vertex to
O(θ3). Finally, we compute the contribution to a 3-point tree amplitude with the resulting
vertex operator upto O(θ3) and find its kinematic structure to be identical to the corresponding
RNS computation.
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1 Introduction
In string theory, some of the open string excitations can be interpreted as gauge particles. After
some suitable compactification of the ten dimensional theory involving the open strings ending
on D-brane, one expects to get the elementary gauge particles we see in the four dimensional
world around us. The effect of massive stringy states is expected to be relevant as correction
to standard model at energy scales higher than that of the scale at which standard model is
known to be accurate.
In this paper, we focus on the first massive open string states in 10 dimensional theory.
They consist of 128 bosonic and 128 fermionic degrees of freedom forming a spin two massive
supermultiplet of 10 dimensional N = 1 supersymmetry. The bosonic degrees of freedom
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consist of a symmetric-traceless spin 2 field gmn having 44 independent components and a
3-form field bmnp having 84 independent components. The fermionic degrees of freedom consist
of a spin 3/2 field ψmα having 128 degrees of freedom (see, e.g. [2]).
To describe the above supermultiplet we shall be using the pure spinor formalism. As is
well known, the pure spinor formalism is a manifestly super-poincare covariant formalism [3,4]
(for review, see [5–9]). Due to the feature that it keeps all the spacetime symmetries manifest,
the pure spinor formalism provides a very efficient method for computing the scattering ampli-
tudes [4, 10–14]. The equivalence of the pure spinor formalism with RNS and Green-Schwarz
formalism has been shown at the level of the BRST cohomology and also through quite a few
explicit amplitude computations [15–18].
The physical states in the pure spinor formalism are described as the states in the cohomol-
ogy of a BRST operator constructed with the help of a pure spinor field. The vertex operators
describing these physical string states are defined in a manifestly super-poincare covariant
manner in terms of appropriate superfields in d = 10 superspace. The vertex operator for the
massless states was given in [3]. In [1], it was shown explicitly that the pure spinor BRST
cohomology includes the states which appear at first massive level of open string as described
above. The unintegrated form of the vertex operator for these states was also constructed
in [1].
One drawback of working in the superspace is that the superfields contain much more
degrees of freedom than the actual physical degrees of freedom. Hence, before doing any
calculation using a superfield, one needs to express all the coefficients of the superfield in its θ
expansion only in terms of the physical fields. This typically requires some gauge fixing and
the knowledge of algebraic and differential relations1 between the superfields. The θ expansion
for the massless vertex operator was done in [19–21].
As mentioned above, the θ expansion typically requires some relations between the super-
fields. In the case of first massive open string states, 3 basic superfields are Bmnp, Gmn and
Ψmα, whose lowest components are bmnp, gmn and ψmα respectively. The vertex operator can
be expressed fully in terms of any one of these superfields. For example, the vertex operator
constructed in [1] was expressed solely in terms of the single superfield Bmnp. It turns out that
complete θ expansion requires differential relations among these 3 superfields in addition to
1By algebraic relations we mean relations that do not involve supercovariant derivative and by differential
relations we mean those relations which involve one supercovariant derivative.
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the algebraic relations already given in [1] in the rest frame.
One of these differential relationships between the superfields Bmnp and Ψmα was given
in [1]. But, this was given in the rest frame (equation (2.28) in this paper). However, the
covariant result for the differential relations is necessary when there are more than one massive
states present in an amplitude2. We provide the covariant version of this relation, along with
the other differential relations between the three superfields mentioned above. These are very
crucial and sufficient to determine the θ expansion to all orders in a covariant manner.
Rest of the paper is organized as follows. In section 2, we briefly review some elements
of the pure spinor formalism as needed in our analysis. After giving some general results in
subsection 2.1, we review the construction of unintegrated vertex operator for the first massive
states in subsection 2.2. In section 3, we give the differential relations between the superfields
Bmnp, Gmn and Ψmα. The equations (3.3)-(3.6) are our main results. These give us the BRST
invariant vertex operator and allow us to systematically perform the theta expansion. In
section 4, we give the procedure to determine the higher θ components using the results of
section 3. We also give the θ expansion for the superfields Ψmα, Gmn and Bmnp upto order θ
3.
The expression for order more than 3 can be worked out straightforwardly whenever needed.
In section 5, we consider an illustrative calculation of 3-point tree amplitude involving one
massive state, compute the contribution to the amplitude resulting from the massive vertex
operator upto O(θ3) and find the kinematic structure to be same as that computed using RNS
formalism. Finally, we conclude with discussion in section 6. The appendices elaborate on our
notations and conventions and contain some useful identities used in the paper.
Before moving ahead, we should mention that the θ expansion and the scattering of massive
states in pure spinor formalism were also considered in [22]. The θ expansion was done with
the help of a covariant version of the relation between Bmnp and Ψmα superfields in the rest
frame as given in [1]. However, the covariant expression used by [22] is in conflict with another
equation of [1] as we mention in footnotes 7, 10, 13 and appendix E of this paper. Moreover,
the analysis of [22] could not have been complete, even with the correct covariant generalization
of the relation mentioned above. This is because the additional differential relations (3.3) and
(3.5) given in section 3 are indispensable for θ expansion.
2If there is only one massive state and the rest are massless states, one can go to the rest frame of the
massive state and use the expression of massive vertex operator in the rest frame.
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2 Brief review of pure spinor formalism
In this section, we briefly recall some of the results of the minimal pure spinor formalism.
For details, we refer the reader to original papers. The purpose of this section is to mainly
introduce the fields which are used in the formalism. After this, we shall recall some of the
details of the first massive vertex operator [1] which are relevant for our purpose.
2.1 Some general results
As mentioned earlier, the pure spinor formalism is a formalism to quantize superstrings co-
variantly. Unlike RNS and Green-Schwarz formalisms, all the underlying symmetries, namely
Poincare and supersymmetry remain manifest in this formalism. Restricting to open strings,
the world-sheet CFT in the flat spacetime is described by the action
S =
2
α′
∫
d2z
(
1
2
∂Xm∂¯Xm + pα∂¯θ
α − wα∂¯λ
α
)
(2.1)
where, m = 0, 1, , · · · , 9 and α = 1, · · · , 16.
The conformal weights of the fields pα, wα, θ
α and λα are 1, 1, 0, 0 respectively. Moreover,
the field pα is a left handed Majorana-Weyl spinor whereas θ
α is right handed Majorana Weyl
spinor3. The fields wα and λ
α are bosonic objects which transform as left and right handed
Majorana Weyl spinor respectively under the Lorentz transformation (hence, violating the
spin-statistics theorem). The field λα satisfies an important constraint, the so called pure
spinor constraint
λαγmαβλ
β = 0 (2.2)
where, γm are the 16× 16 gamma matrices, described in detail in the appendix B.
The ghost Lorentz and ghost number currents Nmn and J are given by
Nmn =
1
2
wα(γ
mn)αβλ
β , J = wαλ
α (2.3)
The physical spectrum of the theory corresponds to the cohomology of the following BRST
operator
Q =
∮
dz λα(z)dα(z) (2.4)
3All the left-handed spinors carry lower spinor indices whereas all the right-handed spinors carry upper
spinor indices.
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which generates the following transformations
δXm = λγmθ , δθα = λα , δλα = 0 , δdα = −Π
m(γmλ)α , δwα = dα (2.5)
where, dα and Π
m are supersymmetric invariant combinations
dα = pα −
1
2
γmαβθ
β∂Xm −
1
8
γmαβγmσδθ
βθσ∂θδ (2.6)
Πm = ∂Xm +
1
2
γmαβθ
α∂θβ (2.7)
The OPE between various objects is given by
dα(z)dβ(w) = −
α′γmαβ
2(z − w)
Πm(w) + · · · , dα(z)Π
m(w) =
α′γmαβ
2(z − w)
∂θβ(w) + · · ·
dα(z)V (w) =
α′
2(z − w)
DαV (w) + · · · , Π
m(z)V (w) = −
α′
(z − w)
∂mV (w) + · · ·
Πm(z)Πn(w) = −
α′ηmn
(z − w)2
+ · · · , Nmn(z)λα(w) =
α′(γmn)αβ
4(z − w)
λβ(w) + · · ·
Nmn(z)Npq(w) = −
3(α′)2
4(z − w)2
ηm[qηp]n +
α′
2(z − w)
(
ηp[nNm]q − ηq[nNm]p
)
+ · · ·
J(z)J(w) = −
(α′)2
(z − w)2
+ · · · , J(z)λα(w) =
α′
2(z − w)
λα(w) + · · · (2.8)
where, V is an arbitrary superfield, ∂ denotes the derivative with respect to world-sheet coor-
dinate, ∂m denotes the derivative with respect to the spacetime coordinate X
m and
Dα ≡ ∂α + γ
m
αβθ
β∂m (2.9)
denotes the supercovariant derivative. The · · · terms denote the non-singular terms.
The scattering of N external string states at tree level is described by the amplitude
AN = 〈V
1V 2V 3
∫
U4 · · ·
∫
UN 〉 (2.10)
V and U in the above expression denote the unintegrated and integrated vertex operators
respectively. The correlation functions of pure spinor fields are computed using the OPEs
given in equation (2.8) and the identities of appendix C4.
After this brief recollection of general pure spinor results, we now turn to unintegrated
massive vertex operator.
4In appendix C, we only give the identities which are used in this paper. See [7] for a complete list.
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2.2 Unintegrated massive vertex operator at (mass)2 = 1
α′
In this subsection, we focus on the open string states at first mass level, i.e. m2 = 1
α′
. The
unintegrated vertex operator for these states was constructed in [1]. We review this construc-
tion below. As mentioned in the introduction, at the first mass level, the open string spectrum
comprises of 128 bosonic and 128 fermionic degrees of freedom contained in a traceless sym-
metric tensor gmn, a three-form field bmnp and a spin-3/2 field ψmα. These fields satisfy the
following constraints
ηmngmn = 0 ; ∂
mgmn = 0 ; ∂
mbmnp = 0 ; ∂
mψmα = 0 ; γ
mαβψmβ = 0 (2.11)
Due to these constraints, the number of independent components in gmn, bmnp and ψmα is 44, 84
and 128 respectively. Further, these form a massive spin-2 supermultiplet in 10 dimensions.
The unintegrated vertex operator describing the physical states at mass level n, i.e.,m2 = n
α′
is constructed out of objects5 with ghost number 1 and conformal dimension n. Consequently,
the most general unintegrated vertex operator at first massive level (n = 1) of the open string
can be written as
V = ∂λαAα(X, θ)+ : ∂θ
βλαBαβ(X, θ) : + : dβλ
αCβα(X, θ) : + : Π
mλαHmα(X, θ) :
+ : JλαEα(X, θ) : + : N
mnλαFαmn(X, θ) : (2.12)
where Aα, Bαβ, C
β
α, Hmα, Eα and Fαmn are general superfields, unconstrained as of now. In
accordance with [1], the normal ordering : : is defined as follows
: AB : (z) ≡
1
2πi
∮
z
dw
w − z
A(w)B(z) (2.13)
where, A and B are any two operators.
The equation of motion for the superfields in (2.12) is determined by the on-shell condition
QV = 0 which yields the following set of equations6
(γmnpqr)
αβ [DαBβσ − γ
s
ασHsβ] = 0 (2.14)
(γmnpqr)
αβ
[
DαHsβ − γsασC
σ
β
]
= 0 (2.15)
5These objects are constructed using Πm, ∂θα, dα, λ
α, J and Nmn.
6Note that some of the numerical factors in various expressions in this paper will not agree with that in [1]
since we are using different convention for (anti)symmetrization. See appendix A for details.
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(γmnpqr)
αβ
[
DαC
σ
β + δ
σ
αEβ +
1
2
(γst)σαFβst
]
= 0 (2.16)
(γmnpqr)
αβ
[
DαAβ +Bαβ + α
′γsβσ∂sC
σ
α −
α′
2
DβEα +
α′
4
(γstD)βFαst
]
= 2α′γαβmnpqrγ
vwxys
αβ ηstK
t
vwxy (2.17)
(γmnp)
αβ
[
DαAβ +Bαβ + α
′γsβσ∂sC
σ
α −
α′
2
DβEα +
α′
4
(γstD)βFαst
]
= 16α′γαβmnpγ
wxy
αβ ηstK
s
wxys (2.18)
(γmnpqr)
αβDαEβ = (γmnpqrγ
vwxyγs)
α
αK
s
vwxy (2.19)
(γmnpqr)
αβDαF
st
β = −2(γmnpqrγ
vwxyγ[s)ααK
t]
vwxy (2.20)
where, Ksvwxy are arbitrary superfields satisfying
−2 : Nstλ
αλβ : (γvwxyγ[s)αβK
t]
vwxy+ : Jλ
αλβ : (γvwxyγs)αβK
s
vwxy
+α′λα∂λβ
[
2(γvwxys)αβηstK
t
vwxy + 16(γ
wxy)αβK
s
wxys
]
= 0 (2.21)
which follows from the identity
: Nstλ
αλβ : γsβγ −
1
2
: Jλαλβ : (γt)βγ =
5α′
4
λα∂λβ(γt)βγ −
α′
4
λδ∂λβ(γst)
α
δ(γ
s)βγ (2.22)
Due to the nilpotency of the BRST operator Q, any vertex operator V enjoys a gauge freedom
given by the transformation
V (z)→ V (z) +QΩ(z) (2.23)
This gauge freedom can be used to impose the following algebraic conditions on the superfields
Bαβ = (γ
mnp)αβBmnp , C
α
β = (γ
mnpq)αβCmnpq
γmαβFβmn = 0 , (γ
mHm)α = 0 (2.24)
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Using these and the equations of motion (2.14) - (2.20), all the superfields can be solely
expressed in terms of the single superfield Bmnp as
Hsα =
3
7
(γmn) βα DβBmns , Cmnpq =
1
2
∂[mBnpq] , Eα = 0 = Aα
Fαmn =
1
8
(
7∂[mHn]α + ∂
q(γq[m)
β
α Hn]β
)
(2.25)
Further, one also finds
Kmnpqr =
1
1920
[
(γnpqrs)
αβDαF
ms
β −
1
3
(γsu[npq)
αβδmr]DαF
su
β
]
(2.26)
The above solution, when substituted in (2.18), simplifies to
(
∂2 −
1
α′
)
Bmnp = 0 (2.27)
which demonstrates that the states described by Bmnp are indeed massive with (mass)
2 = 1
α′
.
In order to show that the superfields contain the physical fields gmn, bmnp and ψmα, it is
convenient to go to the rest frame ~k = 0, where ~k denotes the spatial momenta. In the following,
we shall label the spatial indices using the beginning roman alphabets, namely, a, b, c etc.
As argued in [1] using the supersymmetry transformation properties, Bmnp and Hmα satisfy
in the rest frame,
DαB
abc = 12(γ[abΨc])α ; B
0ab = 0 (2.28)
and7
Hcα = −72Ψ
c
α (2.29)
where, Ψcα is an arbitrary tensor-spinor superfield satisfying
(γa)
βαΨaα = 0 (2.30)
The spin-3/2 field ψaα is defined to be the θ independent component of Ψ
a
α i.e.
ψaα = Ψ
a
α
∣∣∣
θ=0
(2.31)
7In fact the covariant expression of (2.28) as proposed in [22], after substituting in Hsβ as given in (2.25)
reduces in the rest frame to Hbβ = −96Ψ
b
β. This is in clear contradiction with (2.29).
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Furthermore, the physical fields gab and babc are defined to be the θ independent components
of Gab and Babc respectively i.e.
gab ≡ Gab
∣∣∣
θ=0
; babc ≡ Babc
∣∣∣
θ=0
(2.32)
where, the superfield Gab is defined to be
Gab ≡ 2 Dαγ
αβ
(a Ψb)β , ηabG
ab = 0 (2.33)
Due to the fact that babc is anti-symmetric in all the indices and equations (2.30) and (2.33),
the fields babc, gab and ψ
a
α contain precisely the desired number of degrees of freedoms, namely,
84, 44 and 128 respectively. This shows that in the rest frame we have the correct counting
for the degrees of freedom in the massive superfields. For these superfields to represent the
massive spin-2 supermultiplet, the higher θ components of the superfields Bmnp,Ψmα and Gmn
must be determined completely in terms of bmnp, gmn and ψmα. As we shall see in the next two
sections, this indeed turns out to be the case.
In the next section, we shall write down the covariant generalizations of the rest frame
results given above and the differential relations between the superfields Bmnp, Gmn and Ψmα
as mentioned earlier. These will enable us to do the θ expansion completely.
3 Ingredients for θ expansion
As mentioned in the introduction, one drawback of working in the superspace formalism is that
a given superfield contains much more degrees of freedom than the actual physical degrees of
freedom of the theory. In our case also, by looking at the coefficients in the θ expansion of the
superfields Bmnp, Gmn and Ψmα, we can easily convince ourselves that they contain much more
degrees of freedom than 128+128 provided by the physical fields gmn, bmnp and ψmα. Thus,
it is imperative that we express the higher θ components of these superfields in terms of the
physical fields thereby removing the redundant degrees of freedom.
To ensure that gmn, bmnp and ψmα are the only physical degrees of freedom, there must
be relations expressing DαΨmβ in terms of Gmn, Bmnp and DαGmn, DαBmnp in terms of Ψmα.
These will provide the recursive relations8 relating the higher θ components of the superfields
to the lowest components gmn, bmnp and ψmα. Along with these, the algebraic constraints such
8Note that the gauge invariance (2.23) has already been completely exploited in writing down the solution
(2.25).
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as kmBmnp = 0 are also needed to remove the extra degrees of freedom at the zeroth order in θ
expansion. We need to ensure that all these relations are consistent with the on-shell condition
QV = 0 (or equivalently equations(2.14) to (2.20)).
In this section, we give the above mentioned relationships among the superfields. In the
process, we also give the covariant generalizations of the rest frame results (2.28) - (2.33) given
in section 2.2. We shall be very brief and just state the result. One can check the validity
of these by writing them in the rest frame and verifying that they agree with those in the
subsection 2.2 and satisfy all the equations. In appendix E, we indicate how to check this
systematically. For simplicity, we work in the momentum space in what follows9.
We start by recalling the rest frame result (2.29) which relates Ψbβ and H
b
β. We also note
that Ψ0β does not appear anywhere in the rest frame analysis. Hence, we can set it to zero in
the rest frame. In fact, a non zero ψ0β will not be consistent with the fact that ψsβ contains
128 degrees of freedom in the rest frame unless further constraints are imposed on Ψaβ. This
means that the covariant generalizations of (2.29) and (2.30) can be taken to be
Hmβ = −72Ψmβ , (γm)
αβΨmβ = 0 (3.1)
We also need the covariant generalization of (2.33) which is given by
Gmn = 2Dαγ
αβ
(mΨn)β , η
mnGmn = 0 (3.2)
These results have the correct limit in the rest frame.
We now write down the relations between the various superfields and all the necessary
constraints which are needed to ensure that superfields contain only the physical degrees of
freedom.
DαGsm = 16ik
p(γp(sΨm))α (3.3)
DαBmnp = 12(γ[mnΨp])α + 24α
′ktk[m(γ|t|nΨp])α (3.4)
DαΨsβ =
1
16
Gsmγ
m
αβ +
i
24
kmBnps(γ
mnp)αβ −
i
144
kmBnpq(γsmnpq)αβ (3.5)
(γm)αβΨsβ = 0 ; k
mΨmβ = 0 ; k
mBmnp = 0 ; k
mGmn = 0 & η
mnGmn = 0 (3.6)
9i.e. we replace all the ∂m by i km.
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In order to arrive at the above results10, we can write an ansatz with arbitrary coefficients
using the superfields and momentum vector km. The coefficients can be fixed by demanding
that the ansatz reduces to the rest frame result and it is consistent with other equations in
which it appears. For instance, to obtain the relation (3.5), we expand DαΨsβ in the basis
of linearly independent gamma matrices using the identity (B.16). The superfields appearing
in the expansion can be fixed by using the equations of motion QV = 0 and demanding its
consistency with the solution (2.25). Similarly, the coefficients appearing in the ansatz for (3.3)
and (3.4) can be fixed by using equations (2.25), (3.1), (3.2) and (3.5).
The constraints given in (3.6) are necessary to ensure that the lowest components of the
superfields contain only the physical degrees of freedom. To see this, we note that these
conditions, on the θ independent components of superfields, imply
(γm)αβψsβ = 0 ; k
mψmβ = 0 ; k
mbmnp = 0 ; k
mgmn = 0 & η
mngmn = 0 (3.7)
These conditions are the momentum space version of the constraints given in (2.11) and guar-
antee that ψsβ, gmn and bmnp have the correct number of degrees of freedom, namely 128, 44
and 84 respectively.
Once the equations (3.3) - (3.6) and (2.24) - (2.27) hold, all the equations resulting from
QV = 0, namely (2.14) - (2.20) are satisfied identically as we indicate in appendix E. The equa-
tions (3.3) - (3.6) are the equations which are needed to do the θ expansion of the superfields
completely which is done in the next section.
4 θ Expansion
As mentioned in the previous sections, the lowest components of the superfields Ψsα, Bmnp and
Gmn are the physical fields ψsα, bmnp and gmn respectively. The higher θ components of the
superfields contain the same physical fields in a more involved manner. In this section, we
shall outline the procedure to determine the θ expansion of these superfields in terms of the
physical fields exclusively. We recall the key equations from previous section which we shall
10The equation 67 of [22] is to be contrasted with the equation (3.4) given above. Note that the term
proportional to α′ is not present in [22].
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need below
DαΨsβ =
1
16
Gsmγ
m
αβ +
i
24
kmBnps(γ
mnp)αβ −
i
144
kmBnpq(γsmnpq)αβ (4.1)
DαBmnp = 12(γ[mnΨp])α + 24α
′ktk[m(γ|t|nΨp])α (4.2)
DαGsm = 16ik
p(γp(sΨm))α (4.3)
These equations are sufficient to obtain the θ expansion of all the superfields to all orders in θ
once we specify the θ independent components of Bmnp, Gsm and Ψsα. Intuitively, we can see
how these equations will determine the higher θ components once the lowest components are
specified - if we equate the θℓ components on both sides of these equations, we shall have θℓ
components of the superfields on the right hand side. But on the left hand side, because we
have a covariant derivative Dα, we shall always have θ
ℓ+1 and θℓ−1 component of the superfield
on which Dα acts. Thus, the higher components can be determined in terms of the lower
components.
We denote the θ expansion of the superfields as
Ψsβ =
16∑
n=0
ψsβα1α2···αnθ
α1θα2 · · · θαn (4.4)
Bmnp =
16∑
n=0
bmnpα1α2···αnθ
α1θα2 · · · θαn (4.5)
Gmn =
16∑
n=0
gmnα1α2···αnθ
α1θα2 · · · θαn (4.6)
For each of the superfields, the fermionic and bosonic degrees of freedom occur either at even
or odd θ components only. For example in Ψsβ, the fermionic field ψsβ appears at even θ
components and the bosonic fields gmn and bmnp appear at odd θ components respectively.
In the case of Bmnp and Gmn, the bosonic fields appear at the even θ components and the
fermionic field appear at odd θ components. While moving the fermionic objects such as θα
across these various components, it is helpful to keep in mind the aforementioned points.
On substituting (4.4)-(4.6) into (4.1)-(4.3) and comparing the (ℓ− 1)th component on both
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sides, we find
(−1)ℓ−1
[
ℓ ψsβα1α2···αℓ + ikr(γ
r)α1α2ψsβα3···αℓ
]
=
[
1
16
(γm)βα1 gsmα2···αℓ −
i
24
kmbnpsα2···αℓ(γ
mnp)βα1 −
i
144
kmbnpqα2···αℓ(γ
mnpq
s )βα1
]
(4.7)
ℓ bmnpα1α2···αℓ + ikr(γ
r)α1α2bmnpα3···αℓ
= (−1)ℓ
[
12(γ[mn)
σ
α1
ψp]σα2···αℓ + 24α
′ktk[m(γ|t|n)
σ
α1
ψp]σα2···αℓ
]
(4.8)
ℓ gmnα1α2···αℓ + ikr(γ
r)α1α2gmnα3···αℓ = (−1)
ℓ16 i kp(γp(s)
σ
α1
ψm)σα2 ···αℓ (4.9)
where, (ℓ− 1) = 1, 2, · · · , 16.
The higher θ components of the superfields can now be fixed using the above equations
recursively. We start with the ℓ = 1 component of (4.7) which fixes the O(θ) component of
Ψsβ to be
ψsβα1θ
α1 =
1
16
(γmθ)β gsm −
i
24
kmbnps(γ
mnpθ)β −
i
144
kmbnpq(γ
mnpq
s θ)β (4.10)
Next, using the fact that 1-form γmαβ is symmetric in its spinor indices, the equation (4.7) gives
for ℓ = 2
ψsβα1α2θ
α1θα2 =
1
16
(γmθ)β gsmα2θ
α2 +
i
24
km(γ
mnpθ)βbnpsα2θ
α2 +
i
144
km(γ
mnpq
s θ)βbnpqα2θ
α2
(4.11)
where, we have used the fact that bmnpα and gmnα are Grassmann odd. They can be determined
using the ℓ = 1 components of equations (4.8) and (4.9) respectively as
bmnpα2 = −12(γ[mn)
σ
α2
ψp]σ − 24α
′ktk[m(γ|t|n)
σ
α2
ψp]σ
gmnα2 = −16 i k
p(γp(m)
σ
α2
ψn)σ (4.12)
These can be substituted in equation (4.11) to fix the O(θ2) component of Ψsβ completely.
At the next oder in θ, the ψsβα1α2α3 will require gmnα2α3 and bmnpα2α3 . These can again be
determined using equations (4.8) and (4.9) along with order θ result (4.10).
Executing this process recursively determines all the θ components of the superfields in
terms of the physical fields. Equation (4.7) relates the ℓth component of Ψsβ to the (ℓ − 2)th
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component of Ψsβ and (ℓ− 1)th components of Bmnp and Gsm. Equation (4.8) relates the ℓth
component of Bmnp to the (ℓ−2)th component of Bmnp and (ℓ−1)th component of Ψsβ. Finally,
the equation (4.9) determines ℓth component of Gmn in terms of (ℓ − 2)
th component of Gmn
and (ℓ− 1)th component of Ψsα. These statements can be schematically represented as
D(ℓ+1)Ψsβ ∼ D
ℓGsm +D
ℓBmnp
DℓBmnp ∼ D
(ℓ−1)Ψsβ
DℓGmn ∼ D
(ℓ−1)Ψsβ
where for any superfield V , DV ≡ (θαDαV )
∣∣
θ=0
, so that Dℓ picks up the ℓth θ component of
the superfield it acts on.
We shall now give the explicit expressions for the superfields Ψsβ and Bmnp upto order θ
3.
The higher order components are tedious but straightforward to evaluate if required. Using
the procedure described above, the θ expansion of the Ψsβ field is given by
Ψsβ = ψsβ +
1
16
(γmθ)β gsm −
i
24
(γmnpθ)βkmbnps −
i
144
(γ npqrs θ)βknbpqr
−
i
2
kp(γmθ)β(ψ(mγs)pθ)−
i
4
km(γ
mnpθ)β(ψ[sγnp]θ)−
i
24
(γ mnpqs θ)βkm(ψqγnpθ)
−
i
6
α′kmk
rks(γ
mnpθ)β(ψpγrnθ) +
i
288
α′(γmnpθ)βkmk
rks(θγ
q
nrθ) gpq
−
i
192
(γmnpθ)βkm(θγ
q
[npθ)gs]q −
i
1152
(γsmnpqθ)βk
m(θγnptθ) g
qt
−
i
96
kp(γmθ)β(θγpq(sθ) gm)q −
1
1728
(γmnpθ)βkm(θγ
tuvw
npsθ)ktbuvw
−
1
864α′
(γsθ)β(θγ
npqθ)bnpq −
1
10368
(γ mnpqs θ)βkm(θγtuvwnpqθ)k
tbuvw
−
1
864
(γmθ)β(θγ
npqθ)bnpqkmks −
1
576
(γsmnpqθ)βk
m(θγtunθ)b pqu kt
−
1
96α′
(γmθ)β(θγ
qr
(sθ)bm)rq +
1
96
(γmθ)β(θγ
nqrθ)knk(sbm)qr
+
1
96
(γmnpθ)βkm(θγ
r
q[nθ)bps]rk
q + O(θ4) (4.13)
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Similarly, the θ expansion of the superfield Bαβ is given by
Bαβ = γ
mnp
αβ
[
bmnp + 12(ψpγmnθ) + 24α
′krkm(ψpγrnθ) +
3
8
(θγ qmn θ) gpq −
3i
4
(θγtumθ)ktbunp
+
3
4
α′krkm(θγ
q
rn θ) gpq −
i
24
(θγtuvwmnpθ)k
tbuvw −
1
6
iks (ψvγtuθ) (θγstuvmnpθ)
−4iαksktkm (θγtunθ) (ψpγsuθ) + iks (θγtmnθ) (ψpγstθ) + iks (θγtmnθ) (ψtγspθ)
+2iks (θγstmθ) (ψnγtpθ)− iks (θγstmθ) (ψtγnpθ) + O(θ
4)
]
(4.14)
Since all the superfields appearing in the first massive vertex operator can be expressed fully
using the superfields Bαβ and Ψmα, the above results are enough to write down the θ expansion
of the unintegrated vertex operator upto O(θ3). In the next section, we shall give this result
for the full vertex operator of the bmnp field.
For completeness, we also give the θ expansion of Gsm upto O(θ
3)
Gsm = gsm − 16ik
p(ψ(mγs)pθ) +
i
2
kp(θγp(mγ
nθ) gs)n +
1
3
kp(θγp(mγ
tqrθ)k|tbqr|s)
+
1
18
kp(θγp(mγ
ntqr
s) θ)knbtqr +
8
9
α′ktk
pkrk(s(θγm)pγ
tnqθ)(ψqγrnθ)
−
8
3
ktkp(θγp(mγ
nθ)(ψ(nγs))tθ)−
4
3
ktk
p(θγp(mγ
tnqθ)(ψ[s)γnq]θ)
−
2
9
ktk
p(θγp(mγ
tnrq
s) θ)(ψqγnrθ) + O(θ
4)
5 3-point tree
〈
AAb
〉
amplitude
One of the applications of the results of previous section is in computing scattering amplitudes
involving the massive states in pure spinor formalism. Just for illustration, in this section, we
consider the 3-point tree amplitude involving 2 gluon fields11 (denoted by a
(i)
m ) and the 3-form
field bmnp. This amplitude was also considered in [22]. However, our result for θ expansion is
significantly different from that of [22]. Hence, we compute the contribution of terms in the
massive vertex operator upto O(θ3) to this amplitude and check that our result agrees with the
corresponding kinematic factor in the RNS formalism. The full amplitude acquires also the
contribution from higher θ components which we do not consider in this paper (see conclusion
11The θ expansion of the massless fields is given in appendix D.
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for further comments regarding the full amplitude).
Since we shall only compute the 3-point function on the disk, the equation (2.10) tells us
that we need only the unintegrated vertex operator to compute the amplitude
A3 = 〈V
1V 2V 3〉 (5.1)
where, V i are the unintegrated vertex operators of interest (massive or massless).
The pure spinor measure is defined such that the bracket 〈...〉 gives non-zero answer if and
only if there are three λ and five θ zero mode inside it. Symbolically, this is often abbreviated
as 〈λ3θ5〉 ∼ 1. More precisely, the pure spinor measure is normalized as
〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉 = 1 (5.2)
We now outline the procedure for computing the tree amplitudes. Given 3 external states
whose tree level scattering we wish to compute, the basic strategy is as follows :
• Write down the θ expansion of each vertex operator V i to the desired order.
• Total number of θ in the product V 1V 2V 3 for non-zero contribution to the amplitude
must be exactly equal to 5. So, from the product, we keep only those terms which have
exactly five factors of θ.
• Since each unintegrated vertex operator V i has ghost number 1, they come with a single
factor of λα. Therefore each term in the product V 1V 2V 3 always has exactly three factors
of λα.
• Express every physical field in terms of its polarization and plane wave basis. For exam-
ple,
Am1...mnα1...αk (X) = a
m1...mn
α1...αk
eik·X
where am1...mnα1...αk is the constant tensor-spinor polarization corresponding to the physical
field Am1...mnα1...αk (X).
• Compute the correlation function 〈: eik1·X :: eik2·X :: eik3·Xf(Xm) :〉Disk separately, where
typically f(Xm) is just a product of various ∂Xm.
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V
(1)
a V
(2)
a Vb
1 1 3
1 3 1
3 1 1
Table 1: Possible distribution of five θ in the vertex operators due to first three terms of (5.3).
• The only thing left to compute at this stage is the correlation function in Pure Spinor
Superspace. The relevant correlation functions were computed in [14]. For completeness,
we give a list of correlators, used in this paper, in the appendix C.
All the computations, even though straightforward in principle, are quite tedious to do by
hand (especially since the θ expansions of massive vertex operators for all the external states
contain a lot of terms at higher order). The use of Mathematica package Gamma [23] was
indispensable in these calculations.
To compute the amplitude, we need to “multiply” the vertex operator of bmnp field with the
vertex operators of gluons and pick up the terms which have exactly five θ. Now, the on-shell
vertex operator for the first massive states is given by
V = ∂θβλαBαβ(X, θ) + Π
mλαHmα(X, θ) +N
mnλαFαmn(X, θ) + dβλ
αCβα(X, θ) (5.3)
where the on-shell expression of superfields appearing here are given in equation (2.25).
The dα has a non trivial OPE with θ
α and can reduce the number of zero modes of θ by
one in the correlator. The massless vertex operator contains no dα term and its θ expansion
starts at O(θ). Since the dα term of the massive vertex operator will reduce the number of
θ zero modes from the massless vertices by one at a time, the minimum number of θ zero
modes supplied by the two massless vertices can be one for the amplitude. This means that
the contribution of the dβλ
αCβα term in the massive vertex operator will require the knowledge
of θ expansion upto O(θ4). Thus, we focus here only on the contributions coming from the first
3 terms in the right hand side of equation (5.3). The possible θ distribution for these terms
is shown in table 1. From this, it is clear that these three terms require the θ expansion only
upto O(θ3).
Using equations (2.25), (3.1) and the result of θ expansion for the superfields Bmnp and
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Ψmα given in previous section, the θ expansion for the four terms in the above vertex operator
for bmnp field upto O(θ
3) is given by
∂θβλαBαβ(X, θ) =
[
(λγmnp∂θ)bmnp −
i
24
(λγmnp∂θ)(θγtuvwmnpθ)k
tbuvw
−
3i
4
(λγmnp∂θ)(θγtumθ)ktbunp
]
dβλ
αCβα(X, θ) =
[
i
2
(dγsmnpλ)ksbmnp +
1
48
(dγsmnpλ)(θγtuvwmnpθ)k
tksb
uvw
+
3
8
(dγsmnpλ)(θγtumθ)ktksbunp
]
ΠmλαHmα(X, θ)
=
[
3iΠs(λγmnpθ)kmbnps +
i
2
Πs(λγ npqrs θ)knbpqr −
3
4
Πs(λγmθ)(θγnqrθ)knk(sbm)qr
+
3
4α′
Πs(λγmθ)(θγqr(sθ)bm)rq +
1
12α′
Πs(λγsθ)(θγ
npqθ)bnpq +
1
12
Πs(λγmθ)(θγnpqθ)bnpqkmks
−
3
4
Πs(λγmnpθ)km(θγ
r
q[nθ)bps]rk
q +
1
24
Πs(λγmnpθ)km(θγ
tuvw
npsθ)ktbuvw
+
1
8
Πs(λγsmnpqθ)k
m(θγtunθ)b pqu kt +
1
144
Πs(λγ mnpqs θ)km(θγtuvwnpqθ)k
tbuvw
]
NxsλαFαxs(X, θ)
= −
1
1152α′
Nxs
[
−864(λγnθ)bnxs − 216(λγ
np
sθ)bnpx − 3240α(λγ
mnrθ)bmnxkskr
−72(λγnpqxsθ)b
npq − 648α(λγmnpxtθ)b
mnpksk
t − 378i(λγrθ)(θγ
mnrθ)bmnxks
−72i(λγtθ)(θγ
nrtθ)bnxskr − 378iα(λγ
tθ)(θγmnrθ)bmnxkskrkt − 378i(λγpθ)(θγmnxθ)b
mnpks
+84i(λγxθ)(θγ
npqθ)bnpqks + 144i(λγ
pθ)(θγnstθ)bnpxk
t − 12i(λγvθ)(θγnpqxsuvθ)b
npqku
+54i(λγsrtθ)(θγ
mntθ)bmnxk
r + 3i(λγ vws θ)(θγnpqxuvwθ)b
npqku + 18i(λγpqsθ)(θγnxuθ)b
npqku
−36i(λγp suθ)(θγ
ntuθ)bnpxkt + 54i(λγpstθ)(θγmnxθ)b
mnpkt − 12i(λγxstθ)(θγmnpθ)b
mnpkt
−540iα(λγntuθ)(θγmruθ)bmnxkskrkt + 45iα(λγ
vw
uθ)(θγmnpxtvwθ)b
mnpksk
tku
+270iα(λγnpuθ)(θγmxtθ)b
mnpksk
tku − 54iα(λγpxuθ)(θγmntθ)b
mnpksk
tku
−18i(λγpqxsvθ)(θγ
uv
n θ)b
npqku − 9iα(λγ
vwq
xu θ)(θγmnptvwqθ)b
mnpksk
tku
−i(λγxsvwmθ)(θγ
vwm
npqu θ)b
npqku − 162iα(λγnpxuvθ)(θγ
v
mt θ)b
mnpksk
tku
]
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We now consider the above mentioned terms in the massive vertex operator and evaluate
their contribution. We shall indicate some steps for few terms below. We put the two gluons
at z1 and z2 and bmnp field at z3 on the world-sheet and use the notation
a(1)m (X) = e
(1)
m e
ip1·X , a(2)m (X) = e
(2)
m e
ip2·X , bmnp = emnpe
ik·X
where, the polarization tensors satisfy the transversality conditions
e(1)m p
m
1 = 0 , e
(2)
m p
m
2 = 0 , emnpk
m = 0 (5.4)
For the first type of terms, ∂θβλαBαβ in the bmnp vertex operator, we note that it contains
either zero or two θs. Hence, it will never contribute to this amplitude. So, we start with
the terms of the type ΠmλαHmα. Using the expression of massless vertex operator given in
appendix D, the first term of ΠmλαHmα gives (noting that only the term containing ∂X
m in
Πm will be relevant)
I =
〈(
1
2
ar(λγ
rθ)
)(
−
1
32
Ftu(λγvθ)(θγ
tuvθ)
)
3iΠs(λγmnpθ)kmbnps
〉
+
〈(
−
1
32
Ftu(λγvθ)(θγ
tuvθ)
)(
1
2
ar(λγ
rθ)
)
3iΠs(λγmnpθ)kmbnps
〉
= −
3i
64
km
(
e(1)r f
(2)
tu − e
(2)
r f
(1)
tu
)
enps
〈
(λγrθ)(λγvθ)(λγ
mnpθ)(θγtuvθ)
〉
Γs
=
1
1920α′
emnpe(1)p e
(2)
n Γm (5.5)
where, fmn = ipmen − ipnem and Γm is the world-sheet correlator involving the X fields
Γm(z1, z2, z3) ≡
〈
: eip1·X(z1) :: eip2·X(z2) :: eik·X(z3)∂Xm(z3) :
〉
= iα′
(
pm1 z23 + p
m
2 z13
z12
)
(5.6)
where, zij = zi − zj .
In going to the last line of (5.5), we have used the pure spinor identity (C.2) given in
appendix C.
Now, it might appear that this correlator depends upon the worldsheet coordinates zi
through Γm. However, the momentum conservation and the transversality of the polarization
tensors ensure that this is not the case. To see this, we simplify the last line of (5.5) using
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(5.6) as follows
I =
i
1920
emnpe(1)p e
(2)
n
(
(p1)mz23 + (p2)mz13
z12
)
=
i
1920
emnpe(1)p e
(2)
n (p2)m
(
−z23 + z13
z12
)
=
i
1920
emnpe(1)p e
(2)
n (p2)m
In going to the second line, we have used the momentum conservation p1+ p2 + k = 0 and the
transversality condition emnpkm = 0.
In an identical manner, the contribution of the rest of the terms in ΠmλαHmα can be
evaluated. One gets the same tensor structure from these terms and their total contribution
is given by
31i
13440
emnpe(1)p e
(2)
n (p2)m (5.7)
Next, we consider the NmnλαFαmn term of the massive vertex operator. Its first term gives,
I ′ ≡
〈(
1
2
a(1)r (λγ
rθ)
)(
−
1
32
F
(2)
tu (λγvθ)(θγ
tuvθ)
)
864
1152α′
Nxs(λγnθ)bnxs
〉
+
〈(
−
1
32
F
(1)
tu (λγvθ)(θγ
tuvθ)
)(
1
2
a(2)r (λγ
rθ)
)
864
1152α′
Nxs(λγnθ)bnxs
〉
= −
27
2304α′
e(1)r f
(2)
tu enxs
〈
(λγrθ)(λγvθ)(θγ
tuvθ)Nxs(λγnθ)
〉
Γ(z1, z2, z3)
−
27
2304α′
e(2)r f
(1)
tu enxs
〈
(λγvθ)(λγ
rθ)(θγtuvθ)Nxs(λγnθ)
〉
Γ(z1, z2, z3) (5.8)
where, Γ is the world-sheet correlator
Γ(z1, z2, z3) ≡
〈
: eip1·X(z1) :: eip2·X(z2) :: eik·X(z3) :
〉
=
z23z13
z12
To evaluate the pure spinor correlators, we first need to eliminate the Nxs field by using its
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OPE with λα. We illustrate it with the second correlator of (5.8)〈
: (λγvθ) : (z1) : (λγ
rθ)(θγtuvθ) : (z2) : N
xs(λγnθ) : (z3)
〉
=
∮
z3
dw
w − z3
〈
Nxs(w) : (λγvθ) : (z1) : (λγ
rθ)(θγtuvθ) : (z2) : (λγ
nθ) : (z3)
〉
= −
α′
4
∮
z1
dw
w − z3
〈
:
(
(γxs)ασλ
σ(γvθ)α(z1)
w − z1
)
:: (λγrθ)(θγtuvθ) : (z2) : (λγ
nθ) : (z3)
〉
−
α′
4
∮
z2
dw
w − z3
〈
: (λγvθ)(z1) ::
(
(γxs)ασλ
σ(γrθ)α(z2)
w − z2
)
(θγtuvθ)(z2) :: (λγ
nθ)(z3) :
〉
=
α′
4(z1 − z3)
〈
: (λγxsγvθ) : (z1) : (λγ
rθ)(θγtuvθ) : (z2)(λγ
nθ)(z3)
〉
+
α′
4(z2 − z3)
〈
: (λγvθ) : (z1) : (λγ
xsγrθ)(θγtuvθ) : (z2) : (λγ
nθ) : (z3)
〉
The first correlator in (5.8) can be similarly worked out. Thus, we obtain on using the pure
spinor correlators given in appendix C, the momentum conservation and the transversality of
the polarization tensors
I ′ =
i
5120
emnpe(1)p e
(2)
n (p2)m (5.9)
The contribution of other terms in the expression of NmnλαFαmn can be similarly worked out.
Their total contribution is given by
−
i
8192
emnpe(1)p e
(2)
n (p2)m (5.10)
To obtain the full contribution due to the terms considered here, we also need to add to the
contributions of (5.7) and (5.10), the contribution obtained by interchanging the first massless
vertex with the second massless vertex (i.e. 1↔ 2). In our case, this simply doubles the result.
As mentioned earlier, the total contribution to the amplitude also receives contributions
coming from the higher orders in θ expansion. For this amplitude, since there is only one
kinematic structure possible12, we expect the contribution of dαλ
βCαβ term in the massive
vertex operator to yield the same kinematic structure as in (5.7) and (5.10) and hence providing
additional contribution to the numerical factors of these equations.
A priori, the overall numerical factors of pure spinor and RNS amplitudes will not agree.
The comparison between the numerical factors of two results will fix the relative normalization
12One can easily see this by trying to construct Lorentz invariant kinematic structures using the momenta
and polarization tensors, taking into account the momentum conservation and the transversality conditions
(5.4)
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between them. With this normalization, all subsequent amplitudes must agree even upto the
numerical factors.
The corresponding amplitude in RNS formalism is straightforward to compute (see, e.g. [22]
and references therein). The kinematic structure of the contribution to the 〈AAb〉 amplitude,
considered partially above, which is computed using the pure spinor formalism matches with
the corresponding kinematic structure computed using the RNS formalism13.
6 Conclusion
We have given the systematic procedure to obtain the θ expansion of first massive vertex oper-
ator in the pure spinor formalism of superstring theory. This result is essential for computing
the scattering amplitudes involving the massive states in pure spinor. We have also given the
explicit θ expansion of the superfields appearing in this vertex operator upto O(θ3). The higher
θ components can be straightforwardly computed using the procedure described in this paper.
With the help of these and the corresponding result for the superfields describing the massless
states, any tree level amplitude with three or less number of first massive states and arbitrary
number of massless states can now be computed in pure spinor formalism. Similarly, one loop
amplitudes which involve just one massive state can also be computed. The 4 and higher point
tree amplitudes involving more than three massive states and two and higher loop amplitudes
involving any number of massive states require the integrated form of the vertex operator [25].
All these calculations are tedious and prone to error when performed manually. Hence, it is
more efficient to use a computer code to perform the θ expansion and for doing the amplitude
calculations [26].
This construction can be readily extended to obtain the first massive vertex operator in het-
erotic and type II superstring theories in the pure spinor formalism. For heterotic superstring,
we simply take the tensor product of the vertex given in this paper with the anti-holomorphic
vertex of the bosonic string. Whereas for the type II theories, we take the tensor product of
the holomorphic and anti-holomorphic copies of the vertex given here.
Along the way, we have also found the relations, hitherto unknown, which are obeyed by
the basic superfields Bmnp, Gmn and Ψmα which describe the massive spin-2 supermultiplet.
13 [22] also got the same kinematic structure using pure spinor. This is not surprising since there is a unique
kinematic structure for this amplitude. However, the numerical prefactor crucially depends on the θ expansion
of vertex operator (which was not given in [22]).
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These relations are part of superspace description of massive spin-2 multiplet. Furthermore,
they are necessary to ensure that we have the correct physical degrees of freedom and are
pivotal to perform θ expansion.
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A Summary of conventions
In this appendix, we give a summary of the notations and conventions we have used in this
paper.
• Our (anti)symmetrization convention is as follows
Anti-symmetrization : T [m1...mn] ≡
1
n!
(Tm1...mn ± all permutations ) (A.1)
Symmetrization : T (m1...mn) ≡
1
n!
(Tm1...mn + all permutations) (A.2)
• All antisymmetric products of gamma matrices are defined as
γm1...mp ≡ γ[m1...γmp] (A.3)
Anti-symmetrized product of p gamma matrices is sometimes referred to as p-form.
• Our convention for super-covariant derivative is
Dα = ∂α + (γ
m)αβθ
β∂m ; where ∂α ≡
∂
∂θα
(A.4)
Therefore, the Clifford identity of gamma matrices implies
{Dα, Dβ} = 2(γ
m)αβ∂m =⇒ (γm)
αβDαDβ =
1
16
∂m (A.5)
In momentum space, this implies for the first massive state
km(γm)
αβDαDβ =
i
16
kmkm = −
i
16α′
(A.6)
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• All normal ordering of products of operators are considered to be generalized normal
ordering defined as follows-
: AB : (z) ≡
1
2πi
∮
z
dw
w − z
A(w)B(z) , For any two operators A and B. (A.7)
B Useful identities involving gamma matrices in d=10
In this appendix, we write down the list of gamma matrix identities that were used in our
calculations. A useful reference for the more exhaustive list is [24]. Most of the manipulations
involving the gamma matrices were done with the help of the Mathematica package Gamma
[23].
We work solely with 16×16 gamma matrices in d = 10. These are the off-diagonal elements
of the 32× 32 gamma matrices Γm matrices satisfying
{Γm,Γn} = 2ηmnI32×32
More specifically,
Γm =
(
0 (γm)αβ
(γm)αβ 0
)
• Spinor index structure of various gamma matrices
Following is the spinor index structure for various antisymmetric products of gamma
matrices
(γm1...mn)αβ or (γ
m1...mn) αβ for n = 0, 2, 4, 6, 8, 10
(γm1...mn)αβ or (γ
m1...mn)αβ for n = 1, 3, 5, 7, 9
• Hodge duals
For 10 dimensional 16×16 gamma matrices, the hodge duality is more than mere duality.
It turns out to be an equality. We summarize them below
(γm1...m2n)αβ =
1
(10− 2n)!
(−1)(n+1)ǫm1...m2np1...p10−2n(γp1...p10−2n)
α
β (B.1)
(γm1...m2n) βα = −
1
(10− 2n)!
(−1)(n+1)ǫm1...m2np1...p10−2n(γp1...p10−2n)
β
α (B.2)
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(γm1...m2n+1)αβ =
1
(9− 2n)!
(−1)nǫm1...m2n+1p1...p9−2n(γp1...p9−2n)
αβ (B.3)
(γm1...m2n)αβ = −
1
(9− 2n)!
(−1)nǫm1...m2n+1p1...p9−2n(γp1...p9−2n)αβ (B.4)
where, ǫm1···m9 is the 10 dimensional epsilon tensor defined as
ǫ0 1 ··· 9 = 1 =⇒ ǫ
0 1 ··· 9 = −1 (B.5)
Due to the above dualities, we only take γm1 , γm1m2 , γm1m2m3 , γm1m2m3m4 and γm1m2m3m4m5
along with the identity matrix I16×16 as the linearly independent basis elements for vector
spaces of 16× 16 complex matrices.
• Symmetry property of gamma matrices under exchange of Spinor indices
(γm)αβ = (γ
m)βα : Symmetric (B.6)
(γm1m2)αβ = −(γ
m1m2) αβ : Anti-Symmetric (B.7)
(γm1m2m3)αβ = −(γ
m1m2m3)βα : Anti-Symmetric (B.8)
(γm1m2m3m4)αβ = (γ
m1m2m3m4) αβ : Symmetric (B.9)
(γm1m2m3m4m5)αβ = (γ
m1m2m3m4m5)βα : Symmetric (B.10)
For 1, 3 and 5 forms, the same (anti) symmetry properties hold when the spinor indices
are upstairs.
• Various Gamma Traces
(γm1...mn)αα = 0 for n = 2, 4, 6, 8 (B.11)
(γm1...m10)αα = −16 ǫ
m1...m10 (B.12)
(γm)αβ(γn)
βα = 16 δmn (B.13)
(γm1...mn)αβ(γpn...p1)
βα = 16n! δm1...mnp1...pn , for n ∈ odd (B.14)
(γm1...mn)αβ(γpn...p1)
β
α = 16n! δ
m1...mn
p1...pn
, for n ∈ even (B.15)
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• Bi-Spinor decomposition
Any Bi-spinor Tαβ can be decomposed as
Tαβ = tm(γ
m)αβ + tmnp(γ
mnp)αβ + tmnpqr(γ
mnpqr)αβ (B.16)
where, for r = 1, 3, 5
tm1...mr =
1
16r!
(γm1...mr)
αβ Tαβ (B.17)
Similarly, a tensor-spinor T αβ can be decomposed as
T αβ = t δ
α
β + tmn(γ
mn)αβ + tmnpq(γ
mnpq)αβ (B.18)
where, for r = 2, 4
tm1...mr =
1
16r!
(γm1...mr)
α
β T
α
β (B.19)
• Tensor index contracted identities involving gamma matrices
(γmn)αβ(γmn)
ρ
λ = 4(γ
m)βλ(γm)
αρ − 2δαβ δ
ρ
λ − 8δ
α
λδ
ρ
β (B.20)
(γmn)αβ(γmnp)
ρλ = 2(γm)αρ(γpm)
λ
β + 6(γp)
αρδλβ − (ρ↔ λ) (B.21)
(γmn)
α
β(γ
mnp)ρλ = −2(γm)βλ(γ
pm)αρ + 6(γ
p)βλδ
α
ρ − (ρ↔ λ) (B.22)
(γmnp)
αβ(γmnp)ρλ = 12[(γm)
αλ(γm)βρ − (γm)
αρ(γm)βλ] (B.23)
(γmnp)
αβ(γmnp)ρλ = 48(δ
α
ρ δ
β
λ − δ
α
λδ
β
ρ ) (B.24)
C Pure spinor superspace identities
The pure spinor superspace identities which are used in this paper are listed below [14]
〈(λγmθ)(λγnθ)(λγpθ)(θγstuθ)〉 =
1
120
δmnpstu (C.1)
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〈(λγpqrθ)(λγmθ)(λγnθ)(θγstuθ)〉 =
1
70
δ
[p
[mηn][sδ
q
t δ
r]
u] (C.2)
〈(λγmnpqrθ)(λγsθ)(λγtθ)(θγuvwθ)〉 = −
1
42
δmnpqrstuvw −
1
5040
ǫmnpqr stuvw (C.3)
〈(λγqθ)(λγ
mnpθ)(λγrstθ)(θγuvwθ)〉 = −
1
280
[
ηq[uη
z[rδsvη
t][mδnw]δ
p]
z − ηq[uη
z[mδnv η
p][rδsw]δ
t]
z
]
+
1
140
[
δ[mq δ
n
[uη
p][rδsvδ
t]
w] − δ
[r
q δ
s
[uη
t][mδnv δ
p]
w]
]
−
1
8400
ǫqmnprstuvw (C.4)
〈(λγmnpqrθ)(λγstuθ)(λγ
vθ)(θγwxyθ)〉
=
1
120
ǫmnpqr ghijk
(
1
35
ηv[gδh[sδ
i
tηu][wδ
j
xδ
k]
y] −
2
35
δ
[g
[sδ
h
t δ
i
u]δ
j
[wδ
k]
x δ
v
y]
)
+
1
35
ηv[mδn[sδ
p
t ηu][wδ
q
xδ
r]
y] −
2
35
δ
[m
[s δ
n
t δ
p
u]δ
q
[wδ
r]
x δ
v
y] (C.5)
D Massless vertex operator
The massless spectrum contains the physical fields gluon and gluino denoted by am(x) = eme
ik·x
and ξα(x) = χαeik·x respectively. Each of them have 8 on-shell degrees of freedom. The pure
spinor unintegrated (V ) and integrated (U) vertex operators describing these fields are given
by
V = λαAα
U = ∂θαAα +Π
mAm + dαW
α +
1
2
NmnFmn
28
The θ expansion of various fields appearing in the vertex operators are [19–21]
Aα(X, θ) =
1
2
am(γ
mθ)α −
1
3
(ξγmθ)(γ
mθ)α −
1
32
Fmn(γpθ)α(θγ
mnpθ)
+
1
60
(γmθ)α(θγ
mnpθ)(∂nξγpθ) +
1
1152
(γmθ)α(θγ
mrsθ)(θγspqθ)∂rFpq + · · ·
Am(X, θ) = am − (ξγmθ)−
1
8
(θγmγ
pqθ)Fpq +
1
12
(θγmγ
pqθ)(∂pξγqθ)
+
1
192
(θγmrsθ)α(θγ
spqθ)(∂rFpq) + · · ·
Fmn(X, θ) = Fmn − 2(∂[mξγn]θ) +
1
4
(θγ[mγ
pqθ)∂n]Fpq −
1
6
(θγ[mγ
pqθ)∂n]∂p(ξγqθ)
−
1
96
(θγ[mγ
rsθ)(θγspqθ)∂n]∂rFpq + · · ·
W α(X, θ) = ξα −
1
4
(γmnθ)αFmn +
1
4
(γmnθ)α(∂mξγnθ) +
1
48
(γmnθ)α(θγnγ
pqθ)∂mFpq
−
1
96
(γmnθ)α(θγnpqθ)∂m∂p(ξγqθ)−
1
1536
(γmnθ)α(θγnrsθ)(θγspqθ)∂r∂mFpq + · · ·
where, Fmn = 2∂[man] describes the gluon field strength.
E Consistency of the differential relations with QV = 0
In this appendix we give an outline of the proof that the relations given in section 3 are
consistent with the equations of motion (2.14) to (2.20) and among themselves. We indicate
the steps for the consistency with equations (2.14) and (2.15). The rest of the equations can
be verified in a similar fashion.
We first show that our expression for DαBmnp is consistent with the two expressions of
Hsβ given in equations (2.25) and (3.1). For this, we note that by putting the expression of
DαBmnp from (3.4) into the expression of Hsα given in (2.25), we obtain
Hsα =
3
7
(γmn) βα DβBmns
=
3
7
(γmn) βα
[
12(γ[mnΨp])β + 24α
′ktk[m(γ|t|nΨp])β
]
= −96Ψsα + 24Ψsα
= −72Ψsα
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In the rest frame, this matches with the corresponding result given in (2.29). If we only consider
the momentum independent term in the covariant expression of DαBmnp as done in [22], then
the two expressions of Hsα do not match with each other (see also footnotes 7 and 10).
Next, on substituting (3.1) and (3.4) in (2.14) and using (2.27) along with kmΨmα = 0 of
(3.6), we obtain
LHS = (γmnpqr)
αβ [DαBβσ − γ
s
ασHsβ]
= −12(γstuγmnpqrγst)
α
σ Ψuα − 24α
′kvks(γ
stuγmnpqrγvt)
α
σ Ψuα + 72(γ
sγmnpqr)
β
σ Ψsβ
= 0
This shows that the equation (2.14) is identically satisfied.
Next, we consider equation (2.15). Using the expression of Cmnpq from (2.25), expression
of Hsβ from equation (3.1), equation (3.5) and noting that the trace of product of 5 form with
1 and 3 form is zero, we obtain for the left hand side of (2.15)
LHS = (γmnpqr)
αβ
[
DαHsβ − (γs)ασC
σ
β
]
=
i
2
(γmnpqrγstuvw)
β
βk
tBuvw −
i
2
(γmnpqrγsγ
tuvw)ββktBuvw
= 0
Hence, (2.15) is also identically satisfied.
To verify the rest of the equations resulting from QV = 0, one can follow similar steps
as in the above two cases. All one needs to use are the various gamma matrix identities and
equations (2.25) - (2.27), (3.1) and (3.3) - (3.6). Using these, we can show that all the remaining
equations, viz. (2.16) to (2.20) are satisfied identically. This establishes the consistency of our
proposed relations in section 3 with QV = 0.
Finally, we also need to verify that all the relations given in section 3 are consistent with
each other. One way to verify this is to take the supercovariant derivative of both sides
of equations (3.3)-(3.5). Using the identity (A.6), the left hand side of these equations will
become proportional to a single superfield, whereas the right hand sides will now involve the
supercovariant derivatives of the superfields. The RHS can be shown to be identical to LHS
using equations (3.3) - (3.6) and various gamma matrix identities. The consistency of (3.6)
with the equations (3.3) - (3.5) is also easy to verify. The consistency of our proposed relations
with QV = 0 and among themselves is therefore established.
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